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Abstract: We prove that the decreasing rearrangement of a dyadic ^-weight w with 
dyadic A\ constant [«;] * = c with respect to a tree T of homogeneity k, on a non- 
atomic probability space, is a usual A\ weight on (0, 1] with ^-constant [w*]i not more 
than kc — k + 1. We prove also that the result is sharp, when one considers all such 
weights w. 
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1. Introduction 

The theory of Muckenhoupt weights has been proved to be an important tool in 
analysis due to their self- improving properties (see [21 [8] ) . 

One class of special interest is Ai(J, c) where J is an interval on R and c a constant 
c > 1. Then Ai(J, c) is defined as the class of all non-negative locally integrable 
functions w defined on J, such that for every subinterval / C J we have that 



where | • | is the Lesbesgue measure on M.. 

In pQ it is proved that if w £ A\{J,c) then w* £ j4i((0, |J|],c), where w* is the 
non-increasing rearrangement of w. That is w E Ai(J, c) gives that 




(1.1) 




(1.2) 



for every t £ (0, \J\]. 

Here for a w : J — )• M + , u;* stands for 



u;*(t) = sup inf w(x), for any i € (0, |J|]. 



eCJ zee 



The fact mentioned above helps (as one can see in pQ) in the determination of all p 
such that p > 1 and w € RHp(c') for some 1 < d < +00 whenever w G A\(J, c), where 
by RHp(c') we mean the class of all weights w defined on J which satisfy a reverse 
Holder inequality with constant c' upon all the subintervals I C J. One can also see 
related problems for estimates for the range of p in higher dimensions in [5j and [5] . 

In this paper we are interested for the opposite dyadic case. A way of studying 
dyadic A\ weights is by using the respective dyadic maximal operator. 

More precisely, a locally integrable non-negative function w on M. n is called a dyadic 
Ai weight if it satisfies the following condition 

j-— I w(y)dy < cess inf w(x), (1-3) 

\Q\ Jq x ^ 

for every dyadic cube on M. n . 

This condition is equivalent to the inequality 

Mdiv(x) < cw(x), (1.4) 

for almost all x E W 1 . Here Add is the dyadic maximal operator defined by 

A4dw(x) = sup 1 j—r j w(y)dy : x G Q, Q C MJ 1 is a dyadic cubel. (1-5) 

[\Q\ Jq " J 

The smallest c > 1 for which (|1.3p (equivalently (jl.4p ) holds is called the dyadic Ai 
constant of w and is denoted by [w]y 

Let us now fix a dyadic cube Q on M. n . A natural problem that arises is the behaviour 
of {w/Q)* : (0, \Q\] — s- R + when one knows that [w]^ = c. It turns out that {w/QY 
is a usual A\ weight on (0, \Q\\ with constant not more than 2 n c — 2 n + 1. 

More precisely we will prove the following 

Theorem 1. Let w be a dyadic A\ weiyht on W 1 with dyadic A\ constant [wj^ = c. 
Let Q be a fixed dyadic cube on W l . Then the following inequality is satisfied 



~ / («V^) i (//)<///<(2'V-2" + l)( t r/0 i |/). (1.0) 







for every t G (0, |Q|]. 
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Moreover the last inequality is sharp when one considers all dyadic A\ weights with 

d 



c. 



We remark that by using a standard dilation argument it suffices to prove (j 1 . 6 j) 
for Q = [0, l] n and for all functions w defined only on [0, l] n and satisfying the A\ 
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condition only for dyadic cubes contained in [0,1]™. Actually, we will work on more 
general non-atomic probability spaces (X, fj,) equipped with a structure T similar to 
the dyadic one. (We give the precise definition in the next section). 
The paper is organized as follows: 

In Section [2] we give some tools needed for the proof of Theorem [TJ These are 
obtained from [S] and [7j. 

In Section 3 we give the proof of Theorem [1] in it's general form (as Theorem [2]) 
and mention two applications of it. 



2. Preliminaries 

We fix a non-atomic probability space (X, /i) and a positive integer k > 2. 
We give the following 

Definition 1. A set of measurable subsets of X will be called a tree of homogeneity k 
if 

i) For every I G T there corresponds a subset C(I) C 7" containing exactly k pair- 
wise disjoint subsets of I such that I = UC(I) and each element of C(I) has 
measure (l/k)fj,(I). 

ii) T = U T(m) where 7( ) = {X} and 7( m+1 ) = U C(f)- 

m>0 ItT (m ) 

Hi) The tree T differentiates L X (X, /u), that is if (p G L 1 (X, //) then for \x almost all 
x G X and every sequence (Ik)k&n such that x G Ik, Ik G T and n(Ik) — > we 
have that 

ip(x) = lim — — / tpdfi. ■ 

k -4- +oo fj,{l k ) Jj k 

It is clear that each family T( m ) consists of k m pairwise disjoint sets, each having 
measure k~ m , whose union is X. 

Moreover, if J, J G T and I n J is non empty then I C J or J C I. 
For this family T we define the associated maximal operator A4j- by 

M r f(x) = sup J^\ip\dfi : xG/Gr|, (2.1) 

for any ip G L l {X,n) and we will say that a non-negative integrable function w is an 
Ai weight with respect to T if 

M T ip(x) < Cip(x), (2.2) 
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for almost every x S X. The smallest constant C for which (|2,2|) holds will be called 
the ^4 1 constant of w with respect to T and will be denoted by [to] 1 . 
We give now the following: 

Definition 2. Every non-constant function w of the form w = ^p£,P, f or a 

specific m > 0, and for positive Xp, will be called a T-step function. (£p denotes the 
characteristic function of P). ■ 

It is then clear that every T-step function is an A\ weight with respect to T. Let 
5 = l/[w\^ , < 5 < 1 and for any I £ T write Avj(w) = f wdfi. 

Now for every x € X, let I w (x) denote the largest element of the set {/ £ T : x £ / 
and Mj-w(x) = Avi(w)} (which is non-empty since Av j(w) = Avp(w) for every P £ 

T(m) an d J Q P)- 

Next for any / £ T we define the set 

A 7 = A(w,7) = {x£X : I w (x) = 1} 

and let S = S w denote the set of all I £ T such that Aj is non-empty. It is clear that 
each such Aj is a union of certain P from 77 m ) and moreover 

M T w = } j Avj(w)^a i - 

We also define the correspondence I — > I* with respect to S as follows: I* is the 
smallest element of {J £ S w : I £ J}. This is defined for every I £ S that is not 
maximal with respect to C. 

We recall parts of two Lemmas from [6] . 

Lemma 1. For all I £ T we have I £ S, if and only if, Avq(w) < Avp[w) whenever 
I C Q £ T, / 7^ Q. In particular I 6 S and so I — > P is defined for all I £ S such 
that I ^ X. ■ 

Lemma 2. Lei I £ S. Then, if J £ £ is suc/i t/ioi 

J* = I then yi < yj < (k - (k - 1)%/. ■ 

3. Main theorem and proof 

In this section we will prove the following. 
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Theorem 2. Let T be a tree of homogeneity k > 2 on the probability non-atomic space 

iT 



(X,/j), and let w be A\ weight with respect to T with A\-constant [to] = c. TTien i/ 

one considers w* : (0, 1] — > M. + we have that \ f w*(y)dy < (kc — k + l)w*(t), for 

o 

every t G (0, 1], where as usual w* is defined by w*(t) = sup inf w{x), t G (0, 1]. 

n(e)>t 

Moreover the constant appearing in the right of the last inequality is sharp, if one 
considers all A\ weights with respect to T with constant [to] ^ = c. ■ 

Proof. We suppose for the beginning that to is a T-step function. Fix t G (0, 1] and 
consider the set 

Et = {x G X : M T w{x) > cw*(t)} 
= {Ai-j-w > cA}, where A = w*(t). 

Then Et is a measurable subset of X. We first assume that n(Et) > 0. 

We consider the family of all those I G T maximal under the condition Aoj(to) > cA, 
and denote it by (Ij)j- Then is pairwise disjoint and E t = Ulj. 

Additionally for every j and I £ T such that / 2 -fj we have that — tjy J todju = 
j4u/(to) < cA because of the maximality of Ij. 

In view of Lemma Q] this gives Ij £ S w = S, for every j. 

For every Ij consider /* G 5. Then by Lemma [H yj j < [k — (k — l)5]yj*, where 
5 = 1/c and of course yj* < cA. So, we have that 

<[k — (k — 1)<5]cA = (fee — + 1)A, for every j. 

This gives 

/ wd/j <(kc-k + l)A//(Jj) =>• / wdfi<(kc-k + l)Xn(E t ) 

Jlj JE t 



—— [ wdfi<(kc-k + l)X. (3.1) 
is* 



M3e 

Since M.q-w < cw on X, and Et = {Ai-j-w > cA} we obviously have Et C {w > A} = 
{w > w*(t)}. 

There exist now E\ C (0,1] Lesbesgue measurable such that \E\\ = [i(E t ) =: t\, 

and such that J w*(y)dy = J wdfi. Obviously we can arrange everything in a way 

e; E t 
such that El C {w* > w*(t)} C (0,t). As a result ^ < i. 

Since now T differentiates L l (X, (j,) we have that almost every element of the set 

{w > cA} C X belongs to E t . 
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Since fJ,(E t ) > we have that n({w > cA}) > 0. 
Let now t 2 be such that 



w*(t) > Ac for every t G (0,t 2 ) and w*(t) < cA, for every t £ (t 2 , 1)- 

Then, we can arrange everything (by deleting suitable sets of Lesbesgue measure zero) 
in a way that E* = (0, t 2 ) U At, where At is a Lesbesgue measurable subset of (t 2 ,t) 
and \A t \ = t\—t 2 (Of course t 2 = \(0,t 2 )\ = \{w* > Xc}\ = /j,({w > Ac}) < n({Mrw > 
Xc})=n(Et) =:ti). 

We will prove the following 



1 f , 1 



, wcfyx > - / w*(y)dy, (3.2) 
M(A) J£ t 1 Jo 

(|3.2p is equivalent to 

7-/ w*{y)dy> \ [ w*(y)dy<$t [ w*(y)dy + t[ w*(y)dy 

>*i / w*(y)dy + t 1 / w*(y)dy 
Jo Jt 2 

«»(t-ti) / w*(y)(iy + t / w*(y)cfy 

>ti / w*(y)dy, (3.3) 

We define r t = (t 2 ,t) \ ^4 t . (|3.3p then becomes 

(t-ti) f 2 w*(y)dy + (t-t 1 ) [ w*(y)dy>t 1 f w*(y)dy 
Jo J A t J r t 

^(t-h) ( w*(y)dy>t 1 [ w*(y)dy. (3.4) 
Je* Jr t 

But of course 

/ w*(y)dy = / wdfi > ii(E t ) ■ cA = cA • t\, 
Je* JE t 

in view of the known weak type inequality for Mf, namely: 

n({M T f >X})< - I 
So, if we prove that 

r w*(y)dy<cX(t-t 1 ), (3.5) 



if. 

'{Mt<P>*} 
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we complete the proof of (|3,2|) . But (|3.5|) is obvious since w*(y) < cA on (t 2 , Pt C 
(^2, t) and 

\n\ = \(t 2 ,t) \ {A t )\ = {t-t 2 ) - \A t \ = t-h. 

We have thus proved for every w T-step function and t such that ^({Mfiv > c • 
w*{t)}) > 0, that 

l r* 

- w*(y)dy < (kc-k + l)w*(t). (3.6) 
t Jo 

If t is such that h({Mtw > cw*(t)}) = then obviously JVLj-wr x \ < cw*(t), for almost 
all x G X, so since T differentiates L l (X,[i): w(y) < cu>*(t) for almost all y £ X. This 
obviously give (I3.6P since c < fee — A; + 1 . 

Additionally if w is in general an ^-weight with respect to T, then an approxima- 
tion argument by T-simple ^-weights gives the result for w. 

More precisely one can easily see, that if w is a Ai weight with respect to T, 
with Ai-constant [u>] = c then there exist a sequence of T-simple functions (w n ) n 
increasing as n increases, and such that w n < w and [to] 1 = c n < c with w n — > w 
and c n — >• c as n — > +oo. 

In order to finish the proof of Theorem [2] we just need to prove the sharpness of the 
result. We do it right now: 

Fix k > 2. We suppose that we are given a tree T of homogeneity k, and consider 
7(2). Then 

7(2) = {Pi, ■ ■ ■ , Pk, Pk+i, ■ ■ ■ , P2k, ■ ■ ■ , Pk^-k+i, ■ ■ ■ , p k 2 } where 

, k 2k k 2 n 

7 (i)=| U p *' u u p 4 =ui,/ 2 ,...,4}. 

We have that /ix(Pj) = p, Vi. 

Suppose 5 > be such that 5 < pr, and consider for any such <5 a set of measure 
/u(A^) = (5 such that C Pi ((X, fj,) is non atomic). Let c > 1 and a,e < 0. Let 
99 = </?,5 be the function defined as follows: 

if/ A 5 := a 
ip/h \ As := e 

ip/Pk+i ■= a, ip/h \ -Pfe+i := e 

<f/P2k+l ■= «, ip/h N P 2 fc+i := e 

ifi/P k 2_ k+1 := a, ip/I k \ P fc 2_ fc+ i := e 
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It is easy to see that (p = ip$ is a A± weight with A± constant 

c 5 = Hi = = 7 J fdii = - aS+ [z- 6 ) € 

Then ca — >• c, as 5 — > l/k 2 ~ iff: a,e are chosen such that kc — k + 1 = — . (Given 
fc, c). Let us choose a, e be such as mentioned just before, with e < a. 

Then tpg(l/k) = e, so </?|(l/fc)(fcc — fc + 1) = a, while Jq ipg(y)dy tends to a, 
while 5 — > l/k 2 ~ . 

By this we end the proof of Theorem [21 H 

Theorem Q] of Section 1 is an immediate Corollary of Theorem [2j 
Additionally the following are consequences of Theorem [2j 

Corollary 1. Let w be an A± weight with respect to the tree T of homogeneity {k > 2) 
T 

on (X,fi) with [ioJj = c. Then if one considers ((0,1], | • |) equipped with the usual 
k-adic tree Tk, where \ ■ \ is the Lesbesgue measure on (0, 1] . Then [w*] * <kc — k + l 
and this result is sharp. 

Proof. Obvious, according to the function cp$ constructed at the end of Theo- 
rem ■ 

Corollary 2. Let w be A\-weight on W 1 as described in SectionXTX Then w* : (0, +oo) — >• 
R + has the following property: 



t 

w* (y)dy < (kc — k + l)w* (t), for every t & (0, +oo) 



o 



and the last inequality is sharp. ■ 

Proof. We expand W 1 as a union of an increasing sequence (Qj)j of dyadic cubes, and 
use Theorem [2] in any of these. ■ 
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